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1. The ranked space 
The method of ranked spaces was originated as a method of theory of general 
topology by Kunugi in 1954 [l]. The concept arose as to the study of the Baire 
category theorem which is one of the basic tools of mathematical analysis. Under 
the abstract form, the Baire category theorem can be stated as follows: In a 
complete metric space and in a locally compact Hausdorff space, every nonempty 
open set is not of the first category. As is well known, a complete metric space is 
not always locally compact, and conversely a locally compact Hausdorff space is 
not always metrizable. The alternative hypotheses of this theorem suggest that 
there exists a synthesis of this theorem. The ranked space was defined as one of 
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such syntheses. The Baire category theorem in a ranked space is proved in [l]. In 
this paper we are interested only in the case that the indicator of ranked space is 
wa (see, for the definition of indicator, [1,4]). The definition of the ranked space 
mentioned in this paper is the presently accepted definition. For the Baire 
category theorem in a ranked space of indicator w,-, there is Nakanishi’s complete 
work [6]. 
1.1. The ranked space (cf 171) 
Let E be a nonempty set such that with every x E E, there is associated a 
nonempty class V(x) consisting of subsets of E, called preneighborhoods (or 
prenbds for brevity) of x and written U(x), V(x), etc., such that 
(A) if V(x) E Vi(x), then x E V(x). 
Denote by Y the union of the family Z;-(x) (x E E). We also suppose that, to each 
rz E N (N = 10, 1,. . .}>, there is assigned a nonempty subfamily V, of Y satisfying 
the following condition. 
(a) For each x E E, each V(x) E Y’_(x) and each n EN, there is a U(x) E V(n) 
such that U(x) E Y, for some m with m > n and U(x) c V(x). 
A prenbd U(x) E z/(x) is called rank n if U(x) belongs to T. Prenbds of x 
with rank IZ are written as U(x, n), etc. Denote by F* the family of all sequences 
(UJxi, n(i)>} of prenbds such that: 
(1.1) u,xu, 2 *.a, 
(1.2) n(0) < n(l) =G * * . ) and each n(i) belongs to N, 
(1.3) for every HEN, there is an i such that i>n, x~=x~+~ and nj<ni+i. 
Furthermore, in order to consider convergence and Cauchy sequence on E, 
called r-convergence and r-Cauchy sequence, respectively, we suppose that there 
is assigned a subfamily F of F * to E, where F has the following property. 
(f) For each x E E and each prenbd V(x) of x, there is a {Ui(x, n(i))) E F such 
that U,(x, n(O)> c V(x). 
Each element of F is called a fundamental sequence (f.s. for brevity). The 
space E endowed with a family of prenbds Y(x) (x E E), ranks 7, (n EN) and a 
family F of f.s.‘s is called a ranked space in the generalized sense, or simply a 
ranked space, and is written as (E, Y(x), Vn’,, F). A ranked space in the general- 
ized sense endowed with the family F * is usually called a ranked space. To avoid 
confusion, in this paper such a ranked space is called a ranked space in the 
restricted sense, which is written as (E, Y’(x), 7,) if no confusion seems possible. 
A sequence of points {xj} is called an r-Cauchy sequence (or Cauchy sequence) if 
there is a f.s. u = {Ui} such that, for every Ui, there is a j&) such that xi E Ui for 
every j > j,,(i). In this case, the f.s u is called a defining fundamental sequence of 
the r-Cauchy sequence (xj}. A sequence of points (xj} is said to be r-convergent to x 
if there is a f.s. u, = {U,(x)) such that for every U, there is a j,(i) such that xj E vi 
for every j >, j,(i). This is written as r-lim xi =x. A sequence of points {xi) is said 
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to be r-convergent to x if {xi} is an r-Cauchy sequence for which there is a 
defining f.s. u = (q.1 such that x E ll I?(. 
In a f.s. {Uj(xi, n(i)}, {xi} is called a sequence of centers, and a prenbd 
I!,$x~, n(i)) is called a stationary prenbd of the f.s. if xi = xi+ 1 and n(i) < n(i + 1). 
A f.s. {q.(xi, n(i))} is called canonical if xzi =xzi+i for every i and n(O) <n(l) < 
. . . and is called a 5s. of center x if xi =x for every i. We denote by U, v, etc. 
f.s.7s U&xi, m(i)>}, IK(yL, n(i)>), etc., and by ux, v,, etc. f.s.‘s {q.(x, m(i))}, 
(r/;(x, n(i))}, etc. of center x. 
For nonincreasing sequences of sets {AJ and IBJ, {AJ t {BJ means that every 
Ai contains some Bj, and (A,) - {BJ means that (AJ * (BJ and IBJ > (Ail; for a 
set A, A > {Bi) means that A contains some B,; for u = {U,) and v = Iy), u + v 
and u N v mean {UJ > {I() and {I!J} N {VJ, respectively; A > u means that A > (UJ; 
u n v # fl means that U, f? y # fl for every i, while u n v = fl means the negation; 
by Ou denote the set l-j TcOU,; U E u means that U is a component prenbd of U. 
Separation axioms. (x-T,) For each f.s. U, Ou is a set consisting of at most one 
point. 
(r-T,) For each x E E and each ux, we have Ou, = {xl ({x) denotes the set 
consisting of x alone). 
(n-T,) In addition to (n--T,), if u and v are f.s.‘s such that Ou # @, Ov # @, and 
Ou#Ov, then unv=@. 
(r-T,) (r-separated) For any x, y E E with x #y and u, and uY, we have 
u,nvu,=@. 
(1.4) A ranked space E is r-separated iff every r-converging sequence r-con- 
verges to only one point. 
Properties CM,), (M,), and CM,). CM,) For each f.s. u such that x E Ou, there is a 
v, such that v, > u. 
(M,) For every pair of f.s.‘s U, and u such that u, n v # @, there is a w, such 
that w, + U, and w, > v. 
(M,) For every pair of f.s.‘s u and v with u n v # 1, there is a w such that 
wtu and w+v. 
Topologies. Let E be a ranked space endowed with a family of prenbds ‘Y(x), 
x E E. A set 0 c E is called open if, for every x E 0, there is a V(x) E V(x) such 
that I’(x) c 0, and r-open if, for every x E 0 and every v, = (l/;,(x)), there is a 
I’;,(x) such that K(x) c 0. The family of open sets in E is not always a topology on 
E but we have: 
(1.5) If the class Y(x) satisfies the axiom (B) of Hausdorff, i.e., for U(x), I/(x>, 
there is a W(x) such that W(x) c U(x) n V(x), then the family of open sets 
determines a topology on E. 
(1.6) The family of r-open sets always determines a topology on E. 
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A set A cE is called closed if E \A is open. The set IJIO: 0 is open and 
0 CA) is called the interior of A, and is denoted by A’. The set n{F: F is closed 
and F IA} is called the closure of A, and is denoted by A”. A set A is called 
r-closed if E\A is r-open. The set Ix: r-lim xi =x and xi EA] is called the 
r-closure of A and is denoted by cl,A. A set A is an r-closed set iff we have 
A = cl,A. A set A c E is said to be nowhere dense in E if, for every V(x) E Y(x), 
there is a U(y) E V(y) such that U(y) c V(x) and I/(y) nA = fl. A set A c E is 
said to be of first category if it is a countable union of nowhere dense sets. All 
other subsets of E are said to be of second category. A subset A of E is said to be 
dense in E if, for every V(x) E Y’Xx>, we have V(x) nA f @. A ranked space E is 
called a Baire space if, for every set A c E which is of the first category, the 
complement E \A is dense in E. A ranked space is called complete if, for every 
f.s. u in E, we have Ou # 0. 
Theorem 1.1 [1,6]. A complete ranked space in the restricted sense is a Baire space. 
Relativization. We define the relutivization of a ranked space (E, ‘T(x), z/,, F) as 
follows: Let A c E. With each point x EA, we associate the family Y’Xx; A) of 
subsets of A and, for each n E N, a family Tn’,(A) defined by 
V(x; A) = {V(x) nA: V(x) ET(X)}, 
YQA)=(V(x,n)nA:V(x, n)EOt(x),nEN}. 
Then, the set endowed with V(x, A) (x E A) and F$A) (n EN) satisfies (A> and 
(a>. We define a f.s. in A as follows: 
(1.7) A sequence of prenbds {Q(xi, m(i), A)] is a f.s. in A iff there is a f.s. 
{T/;,(x,, n(i))) in E such that an i, can be found with the property that m(i) = n(i) 
and L$ nA = Ui for every i 2 i,. 
Denote the family of f.s.‘s in A by F(A). Then, F(A) satisfies (f). Hence, the 
space A endowed with z;‘(x, A), Y$A), and F(A) becomes a ranked space. This 
is called a ranked subspace of the ranked space (E, V(x), V,, F). In particular, if 
E is a ranked space in the restricted sense, the space A endowed with Y(x; A) 
and ??$A) becomes a ranked space in the restricted sense if the same statement as 
in (1.7) holds for every sequence of prenbds in A satisfying (l.lM.3). 
Completion. A ranked space F is said to be a completion of a ranked space E if it 
satisfies the following conditions: 
(1) The ranked space F is complete. 
(2) The ranked space E is a ranked subspace of the ranked space F. 
(3) E is dense in the ranked space F as a subset of F. 
Under this definition, since F is complete, every r-Cauchy sequence in F is 
r-convergent to some point of F. For this reason, the completion F is called a 
rr-completion. A completion F is called r-completion if every r-Cauchy sequence in 
F is r-convergent in F. 
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2. Completions of ranked spaces 
2.1. Completions of ranked spaces (I$ (81) 
Let (E, Y(x), Vn/,, F) be an incomplete ranked space in the generalized sense, 
and M the set consisting of all vanishing f.s.‘s u in E, i.e., Ou = @. A system Mh 
(A E A> of subsets of M is called a division of M if Mh n Mh, = fl for A # A’ and 
U MA = M. For an arbitrary given division of M, written A: MA (A E A), let us 
define the set 
(2.1) 2 = E u (M,: A EA), 
that is, the set consisting of all points of E and all Mh (A E A>, where each n/r, is 
regarded as an element of l?. 
Denote points of l? by 2, j, etc. When P is a point of E c I?, if necessary, we 
write .i? =x (x E E). For convenience, if ,i? is the point of g represented by M,, we 
write ZQ = MA. Denote by .&h the family of all those prenbds U for which there is a 
UEM, such that UEU. 
To define a completion of E, with a division A of M, we use a system of 
families of prenbds in E: 
(2.2) 6: JY~ (A EA> 
satisfying the following condition (C,). 
(C,): For every A EA, 
(2.3) fl #J* MA, 
(2.4) for every U E JETh and every m E N, there is a I/E _H* n q such that 
n>m and VcU. 
We call such a system 6 a generator of a prenbds system for completion. 
For V E Y, put: 
(2.5) (V>^ = VU (2 = Mh: there is a u E MA such that V t u). 
To define a ranked space .@‘, with each point R E I? we associate the families of 
sets in l?: Z%..?) (R E 2) and $n (n EN) defined as follows: 
(2.6) If ZZ =x E E, then 
+(a) ={(V)^: VET(X)}, e(a) ={(V)Y VE2/,(X)}. 
If P = M,, then 
ti(i) ={(V)^: VE_/&}, &a) = ((V)? VEN* nVn}. 
Put Sn = u{Gn(a): R EE.). 
Lemma 2.1. For u, v E 7, (U>^ I (V>^ holds iff U 2 V. 
Proposition 2.2. The set I? endowed with @(.?I and & satisfies (A) and (a). 
Denote the family of all sequences of prenbds in E and ,?? satisfying (1.1)~(1.3) 
by F * and i *, respectively. Put 
$= ({G} E+*: th ere is a f.s. v E F such that v N rwl+ 
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where {W,} is a sequence of prenbds in E for which we have (wi)^ = fii. If F 
satisfies the condition (f), each element of i is called a f.s. in I?. In particular, for 
every (17~) E F, ((U,)^) is an element of @. 
Theorem 2.3. If $ satisfies the condition (f), then: 
(1) The space 2 endowed with Y?“(a), e-,, and $ becomes a ranked space in the 
generalized sense. 
(2) The ranked space (8, ??(a), en-,, fi) is a rr-completion of the ranked space 
(E, Y(x), Z$, F). 
(3) Every r-Cauchy sequence in E whose defining f.s. is u E Mh is z--convergent to 
.?=M, in 8. 
The completion (& e(a), en-,, g), written L? for brevity, is called the vcompfe- 
tion of E defined by (A, 6). 
For an arbitrary given division A: Mh (A E A), let 
(2.7) 6,: _N* =A* (A EA). 
Then, 6, satisfies (C,), and f satisfies the condition (f). 
Next, we consider the case that E is a ranked space in the restricted sense. We 
show a sufficient condition that, for an arbitrary given division A: MA (A E A), a 
generator 6: N* (A E A) defines a r-completion. 
(2.8) For every pair U(x, m), V( y, n) E JV,, such that U 2 V and m < n, there 
are w,(z, I> and W,(z, 1’) such that m G I < 1’ =G n and U 2 IV, 3 W, 3 I/. (It is not 
necessarily needed that W,, W, EN*.) 
Proposition 2.4. Suppose that a generator 6 satisfies (2.8). If {@ E F* and (Wi) is 
the sequence of prenbds in E for which we have ( W)^ = fii, then there is a {vi} E F * 
such that {y) N {Wi). 
Hence, by Theorem 2.3 and Proposition 2.4, we have: 
Theorem 2.5. Let E be a ranked space in the restricted sense. If a generator 6 
satisfies (2.8), then 
(1) fi coincides with $ * , and i satisfies (f), whence 
(2) (A, S) defines a r-completion of E: (I?, S%x^), en-,, P), which is a ranked 
space in the restricted sense. 
Let A: MA (h E A). Corresponding to each A, take a representative u* of M,,, 
and let {U,^} be a subsequence of uh consisting of all stationary prenbds of Us. Set 
(2.9) 6,: JA = {U,^: n EN} (A EA). 
Then, 6, is a generator satisfying (2.8). 
In general, a r-completion is not always an r-completion. To obtain an 
r-completion we introduce the following condition (C,). The following is consid- 
ered for a ranked space in the generalized sense. 
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(C,): In addition to (C,), for every A and every u E MA, there is a monotone 
decreasing sequence {W,(x,, n,)} of prenbds with ni < ni+, and rz, t CC in such a way 
that: {w} + U, F EN* for every i, and there is a u E F with L’ - {u/;}. 
Lemma 2.6. Let k be the z--completion of E defined by (A, 13) with a generator 6 
h 
satisfying CC,), then, for every A E A and every u = {y} E Mh, there is a ba = {VJa)) 
E $ with center P = M,, such that L; + {(lJ)^ 1. 
Theorem 2.7. If g is the rr-completion of E defined by (A, 6) with a generator 6 
satisfying CC,.>, then, for every M,, every r-Cauchy sequence of points in E whose 
defining fundamental sequence belongs to MA r-converges to 5? = MA in l?. 
Theorem 2.8. Zf E satisfies (M,), then the rr-completion l? of E defined by (A, S> 
with a generator 6 satisfying (C,) is an r-completion. 
Since the generator 6, indicated in (2.7) satisfies (C,), by the use of 6, we have: 
Proposition 2.9. Every ranked space E in the generalized sense satisfying (M,) has 
an r-completion E? for every division A of M. 
2.2. A relation p between fundamental sequences (cf (91) 
In this section, a ranked space E means a ranked 
sense. 
Proposition 2.10. In a ranked space E satisfying (M,) 
(r-T,), (r-T,), (r-T,), (r-T*) are mutually equivalent. 
space in the generalized 
and (M,), the conditions 
Further, in this section, we suppose that the ranked space E satisfies (M,), 
(M,), and (r-T,). We denote 
l the class of all f.s.‘s in E by M *, 
l the class of all vanishing f.s.‘s in E by M as in Section 2.1, 
l the class of all nonvanishing f.s.‘s in E by M”. 
For a pair of f.s.‘s u and LJ in E, we say that u and v are in the relation p iff 
there is a w such that w + u and w > c’, and we denote the relation by UPC. 
Proposition 2.11. In E, the relation p is an equivalence relation in M *. 
Proof. Let upv and vpw. Then, there is a w, such that w, + u and wi + v, and a 
w2 such that w2 + c’ and w2 + w. Since then wi r? w2 f @, there is, by (M,), a w3 
such that w3 + wi and wj + wZ, and so wj + u and wj + w. Hence, we have upw. 
0 
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We denote by A(p) the division of M obtained as the decomposition into 
pairwise disjoint equivalence classes with respect to p. 
Proposition 2.12. (1) Zf u,puY, then x =y holds. 
(2) Zf upu, ou z $I, and Ou # #, then Ou = Ov, which is a set consisting of only 
one point x, and we have w,pu for every w,. 
We denote the quotient sets of M *, M, M” with respect to p by M*/p, M/p, 
MO/p, respectively. 
Proposition 2.13. There is a one-to-one correspondence between the set E and Ma/p 
in such a way that to x E E there corresponds a coset of Ma/p containing every u,. 
We say that M and M” are p-separated if, for every pair u E M and v E M”, upv 
does not hold, and M and E are p-separated if, for every pair u EM and x E E, 
upu, does not hold for every v,. 
Proposition 2.14. (1) M and E are p-separated iff M and M” are p-separated. 
(2) Zf M and M” are p-separated, then Z? is identical with M/p U Ma/p. 
Finally, we note that there are Okano and Tsuda’s studies [11,13] for comple- 
tions of ranked spaces. 
3. Applications to nonabsolute integrals 
It is pointed out that the method of ranked spaces is useful for the study of 
nonabsolute integrals by Kunugi and Nakanishi. The first study begins with the 
study of Kunugi [2,3]. It is well know that the Lebesgue integrals can be obtained 
as a completion of the family of step functions by the use of norm. In this section, 
we will show that the method of completion of ranked space mentioned in Section 
2 is useful to define nonabsolute integrals, by applying the method to two typical 
nonabsolute integrals: A-integral and Denjoy integral in the restricted sense. 
Throughout this section we fix our attention on the integral of functions defined 
on a definite interval [a, b]. We consider two functions are equal if they are equal 
almost everywhere. We denote the Lebesgue measure of A by m(A). 
3.1. The A-integrals (cJ [5;9,$4]) 
Let 8 be the family of step functions on [a, b]. For a step function f(x), we 
define the integral of f written /,“f<x> dx as usual. Let f~ 8. Corresponding to a 
closed set F c [a, b] and F > 0, we define a prenbd of f, written V<f, F, E), etc., 
Completions of ranked spaces 93 
to be the family consisting of all step functions which can be written as the sum of 
f and the other function r with the following properties: 
[a] I r(x) I < E for almost all x E F, 
[p] k. mesix: I r(x) I > k) < E for each k > 0, 
[r] I /,“[r(x)lk dx I < E for each k > 0, 
where [r(x)lk denotes the truncation of r(x) defined by setting [r(x)lk = r(x) 
when I r(x) I G k and setting [(r(x>lk = k. sign(r(x)) when I r(x) I > k. 
Corresponding to each f E 8, put 
(3.1) V(f) = (V(f, F, E): F(closed) c [a, b] and E > 0). 
For each n EN, a prenbd V(f; F, 1/52n> is called rank n if it satisfies m([a, b]\ 
F) < 1/52”. Prenbds of rank rz are written V(f; F, n), etc. Denote by 7, the 
family of all prenbds of rank ~1. Then, the space 8 endowed with the families 
V(f) (f~ 8’) and 7, (n EN) becomes a ranked space in the restricted sense, 
which satisfies CM,), CM,), and (r-T,). To obtain a completion of Z we use the 
relation p indicated in Section 2.2. 
Proposition 3.1. (1) In g’, the relation p is an equicalence relation. 
(2) 8 and M are p-separated. 
Let A(p): MA (A E A> be the division of M with respect to p, and & the set 
defined as in (2.1) for A(p). As a generator of prenbds system for completion we 
take at: /A (A E A> defined by putting 
(3.2) JV* = {U: U is an even term of some u EM:}, 
where 
(3.3) M,’ = {u: u = (IYJJ-~, Fi, m,)}(canonical) EMU such that mzi is an even 
number for every i). 
Then, the system at satisfies CC,.) and (2.8). Hence, by Theorems 2.5 and 2.8, we 
have: 
Theorem 3.2. (A(p), St) defines an r-completion Z? of 8, which is a ranked space in 
the restricted sense. 
Next, we explain how the completion 2 defines the A-integrals. 
Proposition 3.3. (1) Zf {fi} IS an r-Cauchy sequence in 8, then {f$x)} converges to a 
finite valued function f(x) a.e. in [a, 61, and the limit lim ja’fi(x> dx exists as a 
finite number. 
(2) If Ifi} and { 1 g, are r-Cauchy sequences in g with the same defining f.s. u, 
then lim ,fi<x> = lim g,(x) a.e. in [a, bl and lim /,“fJx> dx = lim /,bg,(x> dx holds. 
With a f.s. u in 8, we associate the limit function J(u) = lim f,(x) and the limit 
number I(u) = lim /,bfi(x> dx, where (fJ is an r-Cauchy sequence whose defining 
f.s. is u. By Proposition 3.3(2), the limit function and the limit number are 
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independent of the particular choice of r-Cauchy sequence taken, so J(U) and Z(u) 
are well defined. 
Proposition 3.4. (1) upu hoZds if,fJ(u) = J(u). 
(2) Zf upu, then Z(u) = Z(u). 
Hence, there is a one-to-one mapping of &2*/p to a family of measurable 
functions. Denote the mapping by T(G), ci EM*/~. Then the range of the 
mapping T coincides with the family of all A-integrable functions on [a, b]. And 
the value Z(U), u E ci, gives the A-integral of r(G). Since, by Propositions 2.14 and 
3.1, & is identical with M*/p, & defines the A-integrals. 
3.2. The Denjoy integrals in the restricted sense (cf (101) 
For short, we call the Denjoy integral in the restricted sense 9*-integral 
following Saks [12]. We denote the function defined by setting f,,Jx) =f(x) on A 
and f,Jx> = 0 elsewhere by fA, where f is a function defined on [a, b]. 
Let 8 be the family of all simple functions defined on [a, 61, that is, the family 
of all measurable functions whose ranges are a finite set of real numbers. Let 
f E 8. Corresponding to each closed set F in [a, b], we define two functionals 
II f 111” and II f Ill” (finite or infinite) in the following way: 
(3.4) II f 111” = lF I f I dx, 
(3.5) II f IIZF = SuPcI,,(Cj I lI,fIa,bl\F dx I>, 
where {I,> runs through all finite sequences of nonoverlapping intervals Zj (j = 
1 I..., s) in [a, bl such that Z, n F # @ for every j. 
Then, we have: 
(3.6) For each fixed closed set F the functionals 11 f 111” and 11 f 111 have the 
property of semi-norm under the following conventions: a + (+w) = +m, (+w> + 
(+m)= +f, a.(+ca)= +~(a>O>,O~(+~>=O. 
Let f E E’. Corresponding to each E > 0 and each closed set F in [a, b] such 
that 
[ll m(CF) < E, 
121 Ilf II;<&, 
we define a prenbd V( f; F, E) of f as follows: 
Vf; F, e) = {g: llg-f II?<& and llg-f II:.,}. 
A prenbd V( f; F, E) is called rank n if E = l/3”. Prenbds of rank n are written 
V( f; F, n), etc. The family F of f.s.‘s is defined as follows: 
F={{~(f,;F,,n,)}~F*:F~_T[a,b]asi+~}. 
Then, the space 8 endowed with these prenbds, ranks and the family F of f.s.‘s 
becomes a ranked space in the generalized sense. The ranked space 8 satisfies 
(M,), (M,), and (r-T,), and the same statement as in Proposition 3.1 holds. In 
order to define an r-completion of 8, we use the division A(p) and the generator 
6, indicated in (2.7). 
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Theorem 3.5. (A(p), 6,) defines an r-completion 9 of 8, which is a ranked space in 
the generalized sense. 
Further, we have the following proposition. 
Proposition 3.6. Zf {fJ is a sequence of centers of u in 27, { fJx>) converges to a finite 
valued function f(x) a.e. in [a, b], and the limit lim J,bfi(x) dx exists as a finite 
limit. 
Corresponding to a f.s. u in 8, we denote by J(u) the limit function lim f,(x) 
and by Z(U) the limit number lim 10bfJx) dx. Then, the same statement as in 
Proposition 3.6 holds. Therefore, there is a one-to-one mapping of M*/p to a 
family of measurable functions. Denote the mapping by K(C), fi E M */p. Then, 
the range of the mapping K coincides with the family of all 9,-integrable 
functions on [a, bl. And the value Z(U), u E 8, gives the 8,-integral of K(G). 
Since k is identical with M */p, Z? defines the 9.+-integrals. 
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